Cosmological implications of Karolyhazy uncertainty relation 
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Karolyhazy uncertainty relation, which can be viewed also as a relation between UV and IR scales 
in the framework of an effective quantum field theory satisfying a black hole entropy bound, strongly 
favors the existence of dark energy with its observed value. Here we estimate the dynamics of dark 
energy predicted by the Karolyhazy relation during the cosmological evolution of the universe. 
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I. INTRODUCTION 

From the inception of quantum mechanics the con- 
cept of measurement (real or Gedanken) has proved to 
be a fundamental notion for revealing a genuine nature of 
physical reality. It is not without interest to address from 
this standpoint a notion of background space-time. That 
is, to ask how does the background space-time manifest 
itself in a way accessible to us in light of quantum me- 
chanics and general relativity. General relativity treats 
space-time as a four-dimensional differentiable manifold 
with well defined metric structure of Minkowskian signa- 
ture. Physically it is easy to understand that the intro- 
duction of a measuring device which undergoes quantum 
fluctuations does not allow one to measure a background 
space-time with unlimited accuracy. (In what follows we 
assume h = c = 1). Namely, a measuring device (or sim- 
ply a test body) with zero mean velocity, having a mass 
TO and located within the region 5x is characterized by 
the gravitating energy 
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where 5p ~ 5x^^ . The measurement of a local character- 
istic of a background metric does not allow one to take 
5x very large and therefore after minimization of Eq. ([1]) 
with respect to mass, to, one gets an unavoidable distur- 
bance of the background-space time. In 1959 Alden Mead 
showed (through a number of Gedankenexperiments) 
that the combination of Heisenberg uncertainty relations 
and general relativity puts absolute limitations on the 
sharpness of space-time structure at the Planck length 
Ip ~ 10~'^^cm [l|. It is instructive to quote briefly his 
discussion regarding the status of a fundamental length 
as this conceptual standpoint was unanimous in almost 
all subsequent papers about space-time uncertainties al- 
beit many of the authors apparently did not know this 
paper: "The idea is roughly as follows: Suppose there ex- 
ists a fundamental length I. Since a space-time coordinate 
system, to be physically meaningful, must be referred to 
physical bodies, it follows that no Lorentzian coordinate 
system can he set up capable of specifying the coordinates 



of a space-time event more precisely than Ax > I. Con- 
versely, if the limitation on the coordinate system holds, 
the limitation on the localizahility of particles follows im- 
mediately. Thus the fundamental length postulate may he 
equivalently stated as a postulate of a limitation on real- 
izable coordinate system. ... In terms of the light sig- 
nal experiments this means, for instance, that the time 
required for a light signal to propagate from body A to 
body B and back ( as measured by a clock at A) is subject 
to uncontrollable fluctuations. However, from the point 
of view of general relativity, it is completely equivalent to 
define the coordinates associated with each body and clock 
reading hy some arbitrary convention, and to regard the 
light signal experiments as yielding information about the 
space-time metric associated with the coordinate system 
so defined. From this point of view, fluctuations in the 
results of light-signal experiments are to be regarded as 
indicating fluctuations in the metric, i.e., in the gravita- 
tional field. Thus it seems qualitatively plausible that a 
fundamental length postulate is equivalent to a postulate 
about gravitational field fluctuations." Mead's con- 
sideration tells us that any length undergoes fluctuations 
at least of the order of ~ Ip. Following this reasoning 
of discussion another interesting observation concerning 
a distance measurement for Minkowskian space-time was 
made by Karolyhazy and his collaborators [2]. With re- 
spect to the Karolyhazy uncertainty relation the distance 
t in Minkowski space-time can not be known to a better 
accuracy than 



5t 



(2) 



where /? is a numerical factor of order unity . It is worth 
to notice that the papers [11, Q sank into oblivion for a 
long time^. 

Following the discussion presented in paper Q one can 
look at Eq. ([2|) as a relation between UV and IR scales in 
the framework of an effective quantum field theory satis- 
fying black hole entropy bound. For an effective quantum 
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As it is enlightened in [J, except for interest on the part of a 
few theorists who found the discussion of [l|| convincing enough 
and felt that the idea of Zp as a possible fundamental length 
can be taken seriously, this idea seemed to be totally unaccept- 
able for most of physicists. Many of the results ofEli were 
"rediscovered" in 1980s and 1990s, see for instance Q. 
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field theory in a box of size / with UV cutoff A the en- 
tropy S scales as, S ~ l^A^. Nevertheless, considerations 
involving black holes demonstrate that the maximum en- 
tropy in a box of volume grows only as the area of the 
box. A consistent physical picture can be constructed by 
imposing a relationship between UV and infrared (IR) 
cutoffs [3 



(3) 



where Sbh is the entropy of a black hole of size I. Con- 
sequently one arrives at the conclusion that the length 
which serves as an IR cutoff, cannot be chosen indepen- 
dently of the UV cutoff, and scales as A~'^. Rewriting this 
relation wholly in length terms, 61 = A~^, one arrives at 
the Eq.jSl). 



II. MINKOWSKIAN SPACE-TIME IN LIGHT 
OF KAROLYHAZY UNCERTAINTY RELATION 

Fluctuations of the Minkowski metric described by the 
Eq.([2]) are characterized with a classical energy density 
(denoted hereafter by pdasicai) M 
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The relation ^ together with the time-energy uncer- 
tainty relation enables one to estimate a quantum energy 
density of the metric fluctuations of Minkowski space Iq . 
With respect to the Eq. ^ a length scale t can be known 
with a maximum precision 5t determining thereby a min- 
imal detectable cell 5t^ ~ t^pt over a spatial region . In 
terms of the UV and IR scales discussed above one can 
look at the microstructure of space-time over a length 
scale t as consisting with cells 5t^ ~ t\,t. Such a cell 
represents a minimal detectable unit of space-time over 
a given length scale and if it has a finite age t, its ex- 
istence due to time energy uncertainty relation can not 
be justified with energy smaller then t^^ . Hence, hav- 
ing the above relation, Eq.([2]), one concludes that if the 
age of the Minkowski space-time is t then over a spatial 
region with linear size t (determining the maximal ob- 
servable patch) there exists a minimal cell 5t^ the energy 
of which due to time-energy uncertainty relation can not 
be smaller than 



against the fluctuations as the Eq.(l2]) determines maxi- 
mal accuracy allowed by the nature. Similar ideas were 
elaborated in 0] ■ On the basis of the above arguments 
one can go further and see that due to Karolyhazy rela- 
tion, the energy E coming from the time energy uncer- 
tainty relation Et ^ \ is determined with the accuracy 
5E ~ ESt/t. Respectively, one finds that the energy 
density p ~ E/6t^ is characterized by the fluctuations 
Sp ^ 5E/St^ giving 
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III. 



ENERGY BUDGET OF THE UNIVERSE 
DUE TO KAROLYHAZY RELATION 



Em^ > 



In the framework of inflationary cosmology the history 
of our universe encompasses inflationary stage followed 
by the radiation dominated and then matter dominated 
phases. The present cosmological data shows that we 
have already left the matter dominated phase for the 
dark energy dominated one which took place only re- 
cently (at z « 0.3) ^. Generalization of our approach 
in presence of the energy components Pmfiaton, Pradiation 
and Pmatter is Straightforward. Due to time-energy un- 
certainty relation, the energy of the cell 5t^ determined 
by the space-time uncertainty relation can not be smaller 
than 

Est^ >t-\ 

but now this energy contains a portion of the inflaton 
or radiation + matter energy that should be subtracted 
for estimating a quantum energy density of the metric 
fluctuations. In what follows we will assume a minimal 
time-energy uncertainty which seems reasonable as most 
of the history of the universe is successfully described by 
the thermal equilibrium approach. From this point of 
view, let us first consider the inflationary stage during of 
which scale factor grows nearly exponentially in time. 

For simplicity let us take a pure de Sitter phase as an 
approximation to the inflationary stage. As it is shown in 
, the Eq. ^ is valid during the inflationary stage as well 
if the Hubble constant during inflation H < top/75^ « 
lO^^nip (the timescale for the end of inflation is taken 
to be ^ 75H^^ [9]). During the inflation the energy of 
a cell 6t^ contains a fraction of inflaton energy of the 
order of ^ St^H^rnj,. Hence, the energy density of the 



(5) background metric fluctuations takes the form 



Hence, for energy density of metric fluctuations of 
Minkowski space one finds 



Pquantum 
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One can say the existence of this background energy den- 
sity assures maximal stability of Minkowski space-time 



as long as 
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i.e. t < ff-i and then for R-^ < t < 75H-^ foUows 
its classical expression, Eq.(|31), as there is no room left 
any more for the Pquantum due to inflaton energy. As 
the energy density of background metric fluctuations de- 
cays very fast during the inflation it does not affect ap- 
preciably the inflationary picture. To the end of infla- 
tion the fluctuations in the energy density implied by the 
Karolyhazy uncertainty relation, Eq.([7]), takes the form 



and 



5p 
P 



2/3 



< 10"^ wheni/ < lO^^TOp , 



giving thereby a constraint on the Hubble constant dur- 
ing the inflation. 

During the thermal history of the universe (that is, 
after the inflationary stage) a requirement due to time- 
energy uncertainty relation that the energy of the cell 5t^ 
can not be less than t^^ can be simply summarized by 
the relation 



{Pradiation ~i~ Pmatter Pquantum) — t 



(10) 



So we get a sort of cosmic sum rule. This result immedi- 
ately tells us that the value of Pquantum depends on the 
fractional contribution Pradiation + Pmatter to the Fried- 
mann equation. Hence, when the energy density due to 
first two terms in Eq. (|10p saturates the cosmic sum there 
remains almost no room for the dark energy Pquantum 
and it is given by its classical expression, Eq.(|3]), which 
is so small that can not be appreciable during the cosmo- 
logical evolution. For Eq.® the relation ^TU\i takes the 
form 



{^Pradiation ~t- Pmatter Pquantum) P tpt — 1 , (f f ) 

which after relating t to the Hubble parameter looks sim- 
ilar to the cosmic sum rule obtained from Friedmann 
equation for a spatially flat metric. Namely, by taking 
into account that the age of the universe during its ther- 
mal history is t = 1/2-ff, 2/3H during radiation and 
matter dominated phases respectively^, the relation (fTTI) 
in light of the Friedmann equation 



(^Pradiation H" Pmatter ~^ Pquantum ) , (12) 



tells us that not to create changes in the expansion rate 
of the universe at earlier epoches the parameter (3 should 
satisfy 

. 327r 

/3 ~ — — , during the radiation domination. 
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during the matter domination. 



By taking for the present (dark energy dominated) epoch 
t ^H-^ from Eqs.dniini) one finds^ 

So, (3 should satisfy this relation if we want the universe 
to accelerate in the recent past, i.e., to get p quantum ^ 
Pmatter for the prcscut epoch. 

Certainly, a qualitative discussion based on the combi- 
nation of uncertainty relations with the gravity for esti- 
mating an uncertainty in space-time distance measure- 
ment does not allow one to determine (in an unique 
manner) the parameter /3 in Eq.Q with such a preci- 
sion. But what seems interesting is that numerical esti- 
mates of (3 in various Gedankenexperiments 6, ll| are 
quite close to the above depicted values and, most im- 
portant, as we have seen the predictive consistency of 
the Karolyhazy uncertainty relation with the cosmology 
requires a slight decay of [3 during the cosmological evo- 
lution {f3 ~ 3.22, 2.66, 2.03 during radiation, matter and 
dark energy dominated stages respectively), which may 
be attributed to the decay of radiation temperature of the 
universe, as it implies the decay of corresponding ther- 
mal fiuctuations of the measuring device allowing one to 
perform a space-time measurement more precisely, or to 
the (almost inappreciable) short distance modification of 
gravity as the Karolyhazy relation is based on the be- 
havior of gravity at the distance ~ 5t (see for instance 
0), which for the time corresponding to the end of infla- 
tion, t ~ lO^tp, to the radiation matter equality epoch, 
t ~ lO^^fp, and to the present epoch, t ^ 10^°fp, gives 
the length scales, ^ lO^'^^cm, 10~^^cm, 10~^'^cm, re- 
spectively 

One can say the above described approach uses a min- 
imal setup in a form of the basic principles of quantum 
mechanics and general relativity compared to the as- 
sumptions and conjectures underlying the basis for other 
approaches relating dark energy to the (micro)stricture 
of space-time [H, [13, [l^ . One of the key points used 
in these papers is to look at the cosmological constant 
as a canonically conjugate variable to the four volume 
of space-time and write down for those quantities un- 
certainty relation like to other Heisenberg relations. An- 
other essential point used by these papers is to conjecture 



^ For simplicity we assume an instantaneous transition from radi- 
ation domination to the matter domination. 



^ The lower bound on the present age of the Universe can be estab- 
lished estimating the ages of various objects it consists of. For 
example, the temperature of the coldest white dwarfs in globu- 
lar clusters yields a cluster age of 12.7 ± O.TGyr 10]. This gives 
HqIq > 0.93 ± 0.12 in clear disagreement with the matter domi- 
nation where the age is estimated as 2/ 3-ff o . 

* Even the scale ~ 10~^''cm corresponding to the t ~ 10''''tp is 
much smaller than the present lower experimental bound on the 
Newtonian inverse square law [T3l . 
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the number of cells of space-time (which are usually con- 
sidered to have the Planck size in contrast to what comes 
from the Karolyhazy relation) to fluctuate according to 
the Poisson distribution. The most troublesome aspect 
of these approaches is that the ever-present A induced in 
such a way is hard to reconcile with the early cosmology 
[11,111 0,13. 

To summarize, let us start with the prescription 
concerning quantum calculus of space-time defined by 
the Karolyhazy uncertainty relation The space- 

time uncertainty relation given by Eq.([5^ is valid for 
Minkowskian space ([2;], Ng and van Dam^], Q) as well 
as for de Sitter space during the inflationary stage @ 
(that is, for space-time distances smaller or comparable 
to the duration of inflation ^ 75H~^ The deriva- 

tion of space-time uncertainty relation for some partic- 
ular background space-time requires a separate consid- 
eration. Space-time uncertainty relation allows one to 
estimate the classical energy density of the correspond- 
ing metric fluctuations On the other hand it pro- 
vides a way for estimating a quantum energy density of 
the metric fluctuations with the use of time-energy un- 
certainty relation. Namely, space-time uncertainty re- 
lation determines a minimal detectable cell 5t^ over a 
region with linear size t and if the space-time has a finite 
age, t, the energy of this cell can be estimated by us- 
ing time-energy uncertainty relation Egfa ~ For 
estimating of energy density associated with the metric 
fluctuations during the cosmological evolution of the uni- 
verse one should subtract the contribution of the inflaton 
or radiation-|-matter energy from the energy of 5t^ esti- 
mated through the time-energy uncertainty relation. In 
this way one gets a sort of cosmic sum rule, Ea. (fTU)l . 
which exhibits that by assuming a slight decay of (3 dur- 



ing the cosmological evolution (which is in the range of 
Gedankenexperiment estimates @, [ll|) the Karolyhazy 
uncertainty relation ([2]) can be simply reconciled with all 
cosmological epoches, that is, not to disturb appreciably 
the early cosmology and at the same time give a correct 
value for the dark energy density. On the other hand this 
slight decay of f3 can be understood either as a result of 
temperature decay of the radiation during the cosmolog- 
ical evolution which makes the measurement procedure 
more precise as it implies the decay of the corresponding 
thermal fluctuations of a measuring device or as a (almost 
inappreciable) short distance modiflcation of gravity be- 
low the lengths scale ~ 10~^^cm. It should be empha- 
sized that the relation ^ with a flxed value of f3 does 
not suffer from inconsistency as such with the cosmology 
if it satisfies 




but in this case it cannot provide sufficient amount of 
dark energy at present. 
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